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Summary of Approach

● Question: Can we replicate the S&P 500 using a small subset of 
stocks?

● Method: PCA + “leader stock” selection + optimization
● Key Result: 30–40 stocks can closely track the index
● Main Insight: Performance depends on market stability



What is Direct Indexing?

- Invest directly in individual stocks
- Instead of buying an ETF or mutual 

fund
- Direct indexing managed accounts 

are expected to grow 12.3% 
annually and reach $825B in assets 
by 2026¹

What are the benefits?

- Customization (exclude stocks, tilt 
sectors) 

- Tax efficiency (tax-loss harvesting) 
- Greater portfolio control 

Cerulli Associates, 2022. The Case for Direct Indexing: Differentiation in a Competitive Marketplace. 

https://vanguard.northernlight.com/document.php?docid=VA20221201020000020&datasource=VNGRD&trans=view&caller=recommend_email


Our Objective
Step 1: Factor Extraction (PCA)

○ Identify main drivers using universe of 488 stocks

Step 2: Leader Stock Selection

○ Select representative stocks for factors

Step 3: Construct portfolio via 3 optimization methods:

○ Unconstrained Optimization
○ No Short Selling
○ Shrunked Beta

Goal:
● Evaluate which method tracks the index best



PCA & Factor Insight

- PCA decomposes returns into 
orthogonal factors

- Few factors explain most variation
- Eigenvalue spectrum shows 

diminishing returns
- Top 5 factors sufficient
- Methodology follows Jiang and 

Perez (2021) 

Pan Jiang, M. Fabricio Perez, Follow the leader: Index tracking with factor model. Journal of Empirical Finance, Volume 64,2021, https://doi.org/10.1016/j.jempfin.2021.10.002.



Leader Selection 

Rank stocks by correlation with each factor
Iteratively add stocks via regression on residuals
Stop when R² threshold reached (R² ≥ 95%) 
Ensures no redundant stocks and maximum explanatory power



Optimization & Constraints
Objective: maximize Sharpe ratio 

Expected returns proxied via beta

Three approaches: Unconstrained; No 
short-selling; Shrunk beta (stability)

Weight bounds imposed (±25%)

 



Baseline Performance ● 40-50 stocks replicate index effectively 
● Low tracking error in stable periods 
● All strategies perform well initially



Structural Breaks
- Factor leadership rotates during regime shifts 
- Tracking error increases significantly (252-day correlation drops from 0.945 to 

0.413 during 2022-2023)
- Cause: change in correlation structure as it spikes from 0.25 to 0.5 with regime 

change
- PCA assumes stable covariance
- Model adapts with lag 



Results - Stability vs Adaptability

● shorter windows exhibit lower tracking error during structural breaks
● longer windows exhibit lower mean tracking error in stable periods

Monthly estimation and 1-month holding Period Annual estimation and 1-year holding periodAnnual estimation and 1-month holding period



Turnover 

Window 
(21 Day Rebalance)

Stock 
Turnover

Avg Stocks 
Held

21-Day 99% 6.7

63-Day 94% 20.9

126-Day 85% 43.8

252-Day 73% 45.2

● Turnover gets worse the longer we 
make the rebalance period

● Top held all energy companies, 
stocks that move independently to 
tech

● No stock appears more then 50%
● Regime doesn’t affect turnover



Expanded Universe -  Russell 1000, 2000 indexes

S&P 500 Russ 1000 Russ 2000

Avg Pairwise 
Correlation

0.29 0.27 0.19

PC1 Explains 32% 30% 22%

Best Correlation 0.865 0.836 0.562

Best TE Vol 9.8% 11.0% 22.9%

● Better for Indexes with less Stocks. Hard to Properly Show without Index Constituents Historical Data



Key Insights 

- A small number of stocks can 
replicate the index

- PCA effectively captures factor 
structure

- Stock selection is critical 
- Objective function matters 
- Minimizing tracking error alone is 

insufficient 



Conclusions 
PCA-based replication is effective in stable markets; Small subset of stocks 

can capture index behaviour; Performance deteriorates under regime 
shifts

Trade-off: stability vs adaptability

No Short strategy performs optimally against other constraints. Jagannathan 
and Ma (2003) show that adding nonnegativity constraints 
(no-short-selling constraint) to portfolio optimization helps reduce 
estimation error, essentially acting as a regularization tool.  

Open questions:

● Can we detect regime changes?
● Can we improve factor stability?
● Can we use a different metric instead of R^2 to determine the stocks 

that are chosen to represent the factors since R^2 is not a reliable 
metric?

● Is a blended strategy successful in different periods?

Best approach: 

The 1 year estimation window with monthly holding period has the lowest mean tracking 
error across the entire period. But, this strategy has a high turnover rate. Instead, we 
recommend using the 1 year estimation period for a 1 year holding period as the most 
effective trading strategy. 


